The Poincaré-Hopf theorem relates the Euler-characteristic of a manifold to the local behavior of a generic vector-field on the manifold in a neighborhood of its zeroes. As a corollary of this, by taking the gradient, one can calculate the Euler-characteristic of a manifold from a local knowledge of a generic map to R 1 around its singular points. We prove an analogue of this theorem for calculation of the de Rham invariant of 4k + 1 dimensional orientable manifolds from a map toi?
In the case that fGG(M, R 2 ) has no cusps ƒ I S x ( ƒ) is an immersion. The normal crossing condition guarantees that f(S t (f)) crosses itself in a finite number of double points with no triple points. Let V(f) = {y eR 2 \r\y) n S t (f) = 2 points}.
Let N(S t (f) 9 M) be the normal bundle to S x {f) in M and let G be the bundle over S x (f) defined by the following exact sequence: 
